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Qubit shuttling has become an indispensable ingredient for scaling leading quantum comput-
ing platforms, including semiconductor spin, neutral-atom, and trapped-ion qubits, enabling both
crosstalk reduction and tighter integration of control hardware. Ref. [1] proposed a scalable archi-
tecture that employs short-range shuttling to realize effective three-dimensional connectivity on a
strictly two-dimensional device. Building on recent advances in quantum error correction, we show
that this architecture enables the native implementation of folded surface codes on 2D hardware,
reducing the runtime of all single-qubit logical Clifford gates and logical CNOTs within subsets of
qubits from O(d) in conventional surface code lattice surgery to constant time. We present explicit
protocols for these operations and demonstrate that access to a transversal S gate reduces the space-
time volume of 8T-to-CCZ magic-state distillation by more than an order of magnitude compared
with standard 2D lattice surgery approaches. Finally, we introduce a new “virtual-stack” layout that
more efficiently exploits the quasi-three-dimensional structure of the architecture, enabling efficient

multilayer routing on these two-dimensional devices.

I. INTRODUCTION

In the past three decades, numerous attempts have
been made to realize the abstract concept of a quantum
computer using a variety of physical modalities. While
some leading platforms like superconducting qubits [2—
5] are composed of a grid of qubits with fixed position
in space, qubit shuttling serves as the cornerstone in
many other platforms such as trapped-ion [6-9], neu-
tral atom arrays [10-12] and semiconductor spin-qubit
[13-16] systems. It is often necessary to increase qubit
spacing in these platforms during device design to re-
duce crosstalk and sometimes to accommodate classical
control hardware. Consequently, shuttling becomes a
practical necessity for bringing qubits into proximity to
perform e.g., entangling operations. However, the capa-
bility of shuttling does not automatically correspond to
all-to-all connectivity since naive shuttling schemes are
not scalable to large array of qubits. While conventional
shuttling tracks are generally linear, it was proposed in
ref. [1] that, by utilizing shuttling loops in combination
with careful pipelining, one can realize a stack of two-
dimensional qubit arrays, thereby enabling scalable 3D
connectivity on a strictly 2D platform. When both inter-
loop and intra-loop qubit interactions are available, the
system can not only execute standard quantum error cor-
rection (QEC) circuits such as stabilizer checks and lat-
tice surgery, but also support transversal two-qubit gates
like CNOT. However, the H and S gate would still re-
quire standard lattice surgery to implement, which be-
comes the bottleneck of the Clifford operations. In ad-
dition, the detailed implementation of transversal two-
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qubit gates in the architecture in ref. [1] has not yet been
studied.

In parallel, recent advances in QEC have led to a
deeper understanding of the stabilizer check circuits for
the rotated surface code. It was shown in ref. [17] that
the rotated surface code patch temporarily becomes an
unrotated surface code patch during certain stages of the
check circuits. Building on this observation, ref. [18]
combines it with a transversal gate scheme for the un-
rotated surface code to realize, for the first time, fully
transversal implementations of all three logical Clifford
gates, {H,S,CNOTY, on the rotated surface code. This
method relies on long-range connectivity, which is pro-
vided, for example, by neutral-atom platforms. How-
ever, as mentioned above, the challenge is to implement
such connectivity in a scalable way. In this paper, we
show how this can be achieved using a looped pipeline
architecture with short-range qubit shuttling by leverag-
ing folded surface code.

To demonstrate the efficiency of our scheme and also
for achieving universal computation, we study the im-
plementation of 8T-to-CCZ distillation factory [19] aug-
mented with magic state cultivation [20], using a variant
of the circuit in ref. [21]. Using looped pipeline archi-
tecture with the rotated surface code already achieves a
substantial reduction in overhead compared to conven-
tional 8T-to-CCZ factories [21]. By further adopting the
folded surface code within our architecture, the availabil-
ity of a transversal .S gate enables an additional reduction
of approximately a factor of 2.6 in spacetime volume.

Regarding the layout of logical code patches, we pro-
pose a new scheme that leverages the virtual stack
structure intrinsic to our architecture. Conceptu-
ally, the entire computing region can be viewed as a
three-dimensional multilayer structure implemented on
a strictly two-dimensional hardware platform, with each
layer’s routing space allocated according to the compu-
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tational tasks performed within it (see Fig. 12 for an
overview). We classify large-scale computational tasks
into four categories: storage, short-range operations,
mid-range operations, and long-range operations. Tran-
sitions between layers are enabled by low-cost transversal
SWAP gates. We view flexibility as the primary advan-
tage of this layout scheme, and note that the layout pro-
posed in ref. [1] arises as a special case within this more
general framework.

The remainder of this manuscript is organized as fol-
lows. In Sec. I, we review relevant background on surface
codes and their variants, as well as the looped pipeline
architecture. Next, in Sec. III, we present our methods
for implementing intra-loop interactions. In Sec. IV, we
describe the protocol for performing transversal Clifford
gates on folded surface codes within our architecture, and
in Sec. V we use these results to construct a magic-state
factory for the CCZ state. We then introduce a new lay-
out scheme for logical code patches in Sec. VI, and con-
clude in Sec. VII. Sec. A presents the runtime analysis,
while Sec. B outlines a potential architectural improve-
ment requiring further hardware advances.

II. BACKGROUND
A. Surface codes and their variants

Surface code [22, 23] is considered as one of the most
promising QEC codes for first-generation fault-tolerant
quantum computers. If not specified, the word “surface
code’ nowadays usually refers to the rotated surface code
HdQ, 1, d” , where d is the distance of the code. As we will
see, there are many variants of surface code. An example
of a surface code patch with code distance 3 is shown at
the left of Fig. 1. For completeness, the unrotated surface
code is a [[d?* + (d — 1)2,1,d]] CSS code.

In addition to the d? data qubits, each code patch re-
quires d?> — 1 ancilla qubits for stabiliser checks. One
round of check is referred to as a code cycle, during which
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FIG. 1. A distance 3 rotated surface code patch and the
corresponding folded patch.

4 layers of CNOT gates are applied in a specific sequence
between the data and ancilla qubits to check X and Z
stabilizers. The duration of a single cycle is referred to
as the code cycle time.

The most commonly studied method for performing
logical operations on surface code is called lattice surgery
[24], based on merging and splitting the code patches,
which has the benefit of requiring only 2D connectivity.
In the standard lattice surgery setting, Hadamard gates
are implemented by first applying transversal Hadamard
then a 90 degrees patch rotation to reorient the code
patch. The time taken for the transversal Hadamard is
negligible compared to that of patch rotation. A common
choice for patch rotation requires 1 ancillary patch and 3d
code cycles [25]. Alternatively, if the space is limited, the
rotation can also be done without ancilla in 1.5d cycles,
but the code distance is halved [26].

To implement logical S gate via lattice surgery, cata-
lyst state [27], twist defects [28] and many other methods
[29, 30] can be used. The most efficient method known
[30] is based on logical Y basis measurements, which re-
quires 1 ancilla and 1.5d cycles. Here we will introduce
the circuit in Fig. 2 which operates on similar principles,
where the Y basis measurement takes d/2+ 2 cycles [30].
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FIG. 2. S gate implemented by Y basis measurement.

The logical CNOT gate can be implemented in 2d cy-
cles using 1 ancilla [31]. A related gate is SWAP, decom-
posing SWAP into 3 CNOT will cost 1 ancilla and 6d
cycles. SWAP gate can also be implemented by patch
movement, which takes 2 ancillae and 2d cycles (assum-
ing the two patches are placed diagonally).

Folded surface code: as its name suggests, the
folded surface code is obtained by folding a regular sur-
face code patch along its diagonal [32]. We note that fold-
ing either an unrotated or a rotated surface code results
in what is generally referred to as a folded surface code
patch; however, these two types of patches differ in struc-
ture. In this work, we focus on the folded rotated surface
code, with an example patch shown on the right of Fig. 1.
In this work, the fold is taken to lie along the logical Z
operator by default. Consequently, the “hypotenuse” of
the folded surface code patch supports a logical Z op-
erator, while the two “legs” support both X and Z op-
erators. As we will elaborate in the following sections,
recent developments [17, 18] allow all the Clifford gener-
ators {H, S,CNOT?} to be implemented transversally on
folded rotated surface code. In contrast to the O(d) run-
time of lattice-surgery-based Clifford gates, the runtime
of transversal Clifford gates is independent of d. In prac-
tice, for the code distances of interests (20 < d < 30),
the spacetime volume of transversal Clifford gates is typ-
ically one to two orders of magnitude smaller than that
of their lattice surgery counterparts.



Yoked surface code [33] is a concatenation of rotated
surface codes (inner code) and quantum parity check
codes (outer code). While the inner surface code patches
have their own stabiliser checks, the outer code checks
the X and Z parity of the encoded surface code patches.
By combining this information with the soft information
from inner codes, the overall effect of this concatenation
is that the yoked surface code patches can achieve same
logical error rate with smaller code distance compared
to unyoked surface code. This means that, although the
parity checks incur extra space overhead, the overall stor-
age efficiency (logical qubits per physical qubit) can in-
crease by up to a factor of approximately three. There
are two types of yoked surface code introduced in ref. [33],
called 1D and 2D yoked surface code, using [[n,n — 2, 2]]
codes and [[nQ,nQ —4n + 2,4]] codes as outer code re-
spectively.

B. Standard looped pipeline architecture

For many hardware platforms, qubit shuttling is often
required to increase inter-qubit spacing, thereby reduc-
ing crosstalk, and in some cases to accommodate control
hardware. While this introduces engineering challenges,
it also creates opportunities for more advanced architec-
tures beyond simple nearest-neighbour connectivity. One
such scalable architecture that leverages qubit shuttling
is the looped-pipeline architecture [1]. The basic idea of
this architecture is to use shuttling loops; an example im-
plementation with five qubits arranged in a square-grid
layout is shown in Fig. 3a. The advantage of this imple-
mentation emerges as more qubits are added to each loop.
With careful synchronization and pipelining, additional
qubit patches can be hosted while preserving the same
connectivity and without incurring extra space overhead,
as shown in Fig. 3b. Conceptually, this corresponds to a
virtual stack of qubit patches while remaining a strictly
2D architecture. Further enabling the interactions be-
tween qubits within the same loop (intra-loop interac-
tions) is then equivalent to coupling qubits across dif-
ferent layers of the stack (inter-layer interactions), effec-
tively realizing transversal operations between different
qubit patches.

It is also possible to stack surface code patches and
perform stabilizer checks within the looped pipeline ar-
chitectures. An example of a stack of distance-3 surface
code patches is shown in Fig. 5. However, as we will see
later, a taller stack implies more qubits per loop, which
can lead to congestion and introduce waiting times dur-
ing stabilizer checks, resulting in a longer code cycle time.
Additional readout devices may be required in each loop
to shorten this pipelining delay.

In contrast to standard lattice surgery, the availability
of transversal operations can greatly improve the speed
of several logical gates. If intra-loop interactions are en-
abled, CNOT gates between two code patches in the same
stack can be implemented transversally. This transversal

(a) Implementation of one 2D qubit layer.
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(b) Implementation of four 2D qubit layers in a stack.

FIG. 3. The looped pipeline architecture. By placing more
qubits in each loop via pipelining, we can ‘stack’ the patches.
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FIG. 4. The hallway layout for stacks of logical qubits. Both
data (purple) and ancilla (white) code patches are stored in
stacks. While some intra-stack operations are transversal,
inter-stack operations still require lattice surgery.

CNOT can also help with the implementation of logical
S gate using the circuit in Fig. 2, but the Y basis mea-
surement still takes O(d) code cycles. Moreover, because
our loop pipeline architecture permits only short-range
shuttling within the shuttling loop, the Hadamard gate,
or more precisely, the patch rotation required for a logical
Hadamard, still relies on lattice surgery. The operations



(e.g. CNOT) between different stacks also require lat-
tice surgery. We also note that, the ability to perform
intra-loop interaction was assumed in ref. [1], but with-
out detailing an explicit implementation. In the next sec-
tion, we will present a possible scheme for implementing
intra-loop interaction.

At the large scale, the layout scheme for stacks of code
patches proposed in ref. [1] is the quasi 3D analogue of
the “hallway” layout, which is widely used in architec-
tures with nearest-neighbour connectivity. An illustra-
tion is shown in Fig. 4. This generic layout is capable of
handling a wide range of computational scenarios and is
especially suitable for highly parallel operations. How-
ever, it does not exploit the full potential of the virtual
stacks. We will show in Sec. VI that the hallway layout
is merely a special case of a more general and flexible
architecture.

III. INTRA-LOOP INTERACTIONS

We have shown how stacks of two-dimensional code
patches can be implemented using the looped pipeline
architecture, and in later sections we extend this frame-
work to folded surface codes. Interactions between dis-
tinct code layers within a stack map onto interactions be-
tween the corresponding physical qubits within a single
loop. We now describe methods for implementing such
intra-loop interactions. In particular, we focus on imple-
menting physical two-qubit gates between arbitrary pairs
of qubits within a loop, which correspond to transversal
gates between any two layers of code patches in the same
stack. In addition, we discuss a more complex procedure
in Sec. A1 for rearranging qubits within a loop into an
arbitrary ordering. This corresponds to a reordering of
code layers within the stack and can facilitate the efficient
implementation of multiple two-qubit gates. Through-
out, we assume that qubits can be shuttled both clock-
wise and anticlockwise, and can be held stationary when
required.

In order to see how the intra-loop interactions are re-
alised, we will zoom into the detailed structure of the
loops as shown in Fig. 7. We see that there is a junction
in each loop branching out to a port of qubit parking
space, operating in the ‘last in, first out’ manner. Gate
devices are placed near the junction to enable intra-loop
qubit interactions by bringing qubits together using the
junction. A measurement/initialisation device is placed
at the end of the port, and additional such devices can
be added to enable parallel measurement/initialisation.
We note that, for platforms like silicon qubits, adding
junctions to shuttling tracks can be challenging, therefore
such an one-junction structure is one of the approaches
that place minimal additional demands on hardware en-
gineering. From here on, we will assume all loops shown
in the previous figures come with such a structure.

Executing a physical two-qubit gate (using SWAP as
an example) between qubit pair (a,b) in the new loop

requires 4 steps, as also illustrated in Fig. 7:

1. Shuttle qubit a into the port. Without loss of gen-
erality, we assume that qubit a is closer to the port
entrance.

2. Shuttle qubit b into the port.

3. Apply SWAP between qubit a and b. During this
process, all other qubits in the loop are held fixed.

4. Shuttle qubit b out of the port to qubit a’s original
position.

We use Tjo0p to denote the time required to shuttle a
qubit through one complete lap around the loop. Then
the shuttling time required to perform a SWAP opera-
tion between any two qubits is at most ngoop as shown
in Fig. 7. Using the same shuttling scheme, we can im-
plement any two-qubit gate between an arbitrary pair of
qubits within the same loop by replacing the SWAP op-
eration with the target two-qubit gate. The upper bound
on the time required for inter-loop interactions between
arbitrary qubits obtained here will form the basis for the
timing requirements of transversal gates discussed later.

An alternative protocol for implementing a SWAP
gate between arbitrary qubit pairs is through a physical
SWAP. In Fig. 7, at some point during the first ‘T}40p/2’,
the blue qubit is in the port while the purple qubit has
already passed the port’s entry. At this stage, we can
shuttle the blue qubit out and then shuttle the brown
qubit in. After another ‘Tj,,,/2’, we shuttle the brown
qubit out, completing the protocol. However, this results
in uneven spacing between the qubits, which may disrupt
the synchronization required for stabilizer checks. The
blue qubit needs to be shuttled into the port (or slowed
down) for a short time to restore the synchronization,
which can incur extra time overhead.

IV. LOOPED PIPELINE WITH FOLDED
SURFACE CODE

A. General Implementation

As illustrated in Fig. 6, the looped pipeline architec-
ture can also be used to implement the folded surface
code. The folded surface code occupies roughly half as
many loops as the standard surface code, with the two
folded halves realised as two qubit layers in the looped
pipeline—each loop containing two qubits, except along
the diagonal and at the ancilla loops on the boundary.
Along the diagonal (the crease of the fold), each loop
hosts only a single qubit, which must be shuttled at twice
the speed of qubits in off-diagonal loops in order to con-
nect the top and bottom layers. For simplicity, we assume
that all loops can operate at either the normal or double
shuttling speed, allowing the triangular code patches to
be placed anywhere on the grid.
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FIG. 5. A stack of distance-3 surface code patches implemented using looped pipeline architecture.
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FIG. 6. Folded surface code implemented by looped pipeline. To connect the top and bottom layers, the qubits along the
diagonal are shuttled two times faster (indicated by green and purple arrows).
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FIG. 7. Example of a SWAP operation between the blue and brown qubits. This corresponds to a worst-case scenario in
which the qubits initially occupy the positions indicated at the beginning of the flow chart, requiring a shuttling time of %Tloop.
The SWAP gate may be replaced by any two-qubit gate to generalize this protocol. At the end of the branch track is the

measurement/initialisation device.

A key advantage of the folded surface code is the
transversality of Clifford gates. The CNOT gate is na-
tively transversal for the rotated surface code and there-
fore also for the folded surface code (and, in fact, for
all CSS codes acting between two code blocks). For the
folded rotated surface code used here, the logical S gate
can be implemented transversally during the middle of
a stabilizer measurement round. The detailed scheme,
following ref. [18], is as follows:

1. carry out the first two layers of CNOT of a syn-
drome measurement as usual,

2. apply physical S and ST gates alternately to the di-
agonal qubits, along with CZ gates between folded
pairs,

3. complete the syndrome measurement with the re-
maining two layers of CNOT gates.

In essence, this protocol relies on the fact that, after
the first two layers of CNOT gates, the rotated surface-
code patch is transformed into an unrotated surface-
code patch [17]. The transversal S scheme for the un-
rotated surface code [32] can then applied, as illustrated
in Fig. 8. Finally, the remaining two layers of CNOT
gates transform the patch back into the rotated surface
code. The logical Hadamard gate can be implemented
in a similar manner, except that the operations in the
second step differ: Hadamard gates are applied transver-
sally to all data and ancilla qubits (excluding the two-
body stabilizer ancillae at the boundary), followed by
SWAP gates between folded pairs. Furthermore, recall
that in standard lattice surgery, a logical Hadamard op-
eration consists of a transversal Hadamard followed by a
patch rotation. Therefore, if we apply our “mid-cycle”
transversal Hadamard protocol and subsequently per-
form the lattice-surgery Hadamard without the patch ro-
tation (followed by one round of syndrome extraction),
the logical operator supported along the fold diagonal is
transformed from Z to X (or from X to Z). This trans-
formation is equivalent to a 90 degrees patch rotation in
the regular rotated surface code, which we refer to as
diagonal switching.

We first go through the scheme for implementing a
single round of stabiliser checks for a single folded surface
code patch in our architecture, with reference to Fig. 6.

FIG. 8. Transversal implementation of the S gate for the
unrotated surface code. The S/S t gates are applied to qubits
along the diagonal (blue dashed line), while CZ gates are
applied between all folded pairs. Three example folded pairs
are are shown (black dashed lines).

The order of CNOT gates for a rotated surface code patch
(top left of Fig. 6) is

1 = 2 1 3
X checks v I A1 Z checks
3 — 4 2 4

This order is kept even when the code patch is folded.
For example, on the right of Fig. 6, for the ancilla loop
at the center of the green square (which is a Z check for
both layers), the order of CNOT gates is

1 - 2 1 3
Top qubit N I 1 Bottom qubit
3 =+ 4 2 4

Assume, without loss of generality, that at the start of
the stabilizer cycle the yellow qubits already occupy the
positions required for the first layer of CNOT gates in
the check circuit. The first two layers of CNOT require
%Tloop shuttling time plus 275, for the CNOT gates for
all loops to finish, where 75, denotes the two-qubit gate



time. Once this is done, the qubits are at the exact lo-
cations shown in Fig. 6. The remaining two layers of
CNOT for the checks take another %Tloop + 2T5,. As-
suming the measurement time is T},eqs and 3 measure-
ment devices per loop (reasonable in our later example of
silicon qubits), completing the measurement would take
Trneas and an extra %Tlo(,p shuttling time to enter the
port. Taking into account the Hadamard gate time 774
at the beginning and the end of the checks, we can con-
clude that Teye(n = 2) = 2 Tio0p + 2T1q + 4Tq + Tineas
(see Sec. A 2 for more details). This is for the case where
there are 2 qubits per loop (n = 2), i.e. single folded
surface code patch. Adding more qubits per loop can
introduce delays and thus increase the code cycle time,
but careful pipelining the operations on different qubits
can mitigate this overhead. As a result, the approach is
highly dependent on the exact time required for gates,
shuttling and measurement. We will discuss this in our
example later in Sec. IV B.

We now modify this protocol to implement the
transversal logical S gate for the folded surface code in
our architecture, with reference to the single code patch
case in Fig. 6 for simplicity. Right after the first two lay-
ers of CNOT, we apply S or St to the diagonal qubits and
use the intra-loop interaction protocol in Sec. III to apply
CZ to the off-diagonal pairs, and this takes %Tloop +Tsg.
Right after the CZ, the yellow qubit (without loss of gen-
erality) is at the port’s entry, we then reversely shuttle
(i.e. in the direction opposite to the arrows in Fig. 6) the
qubits in both diagonal and off-diagonal loops for %Tloop,
so that the yellow qubit is at the correct place for the next
layer of CNOT. Then we proceed with the remaining two
layers of CNOT. The overall time overhead for logical S
gate is thus

5
TS - Tcyc + ZT‘loop + T2q~ (1)

Using a similar procedure, the logical H can be applied
in

TH = Tcyc + Z loop + qu + T2q7 (2)
and the diagonal switching takes Tyys = Ty + Thq + Teye-
Finally, we present a scheme for implementing
transversal SWAP/CNOT gates between two folded sur-
face code patches within the same stack, as illustrated
in Fig. 9. The extension to a larger number of patches
is straightforward. To realize a transversal gate within a
single stack, we apply the intra-loop interaction protocol
in Sec. III twice: once for the top layers and once for the
bottom layers of the folded patches. The worst-case time
required for this operation is

9 7

TCNOT(n) = <4 - 27’l> :rloop + 2T2q (3)

for n qubits in a loop. And Tswar(n) = TonoT(n).

B. Example: Silicon Spin Qubits

In the case of silicon spin qubits, ref. [34] have demon-
strated high-fidelity single-electron spin shuttling at
speeds up to 64m/s, while simulation results in ref. [35]
indicate that high fidelity shuttling can be achieved with
a speed up to 100m/s. When considering folded surface
code, we therefore assume a shuttling speed of 50 m/s in
the off-diagonal loops (and a shuttling speed of 100m/s
in the diagonal loops). For a loop perimeter of Lioop =
20 pm, this yields Tjo0p = 400ns for the off-diagonal
loops (which is the majority of the loops). The time
needed for shuttling qubit around the diagonal loops is
thus Tjoop /2. For gate operation time and measurement
time, we will mostly follows the number quoted in ref. [1]
with single-qubit gate time 77, ~ 200 ns, two-qubit gate
time Tp4 ~ 100 ns, measurement time T}eqs ~ 1 ps, and
with 3 measurement devices per loop. We note that in
ref. [1] the quoted single qubit gate time ~ 25 ns assumes
the use of micromagnets. However, since micromagnets
can introduce additional engineering challenges, we opt
for an architecture without them, leading to our assump-
tion of T, = 200 ns (which requires improvements upon
the MHz-scale Rabi frequency achieved in [36, 37]).

Using arguments in the last section, the stabiliser code
cycle time for implementing one folded surface code in
the stack (n = 2 qubits per loop), Teyc(n = 2), evaluates
to 3.15 us for spin qubits. For multiple code patches,
we focus on the case of 16 qubits per loop (n = 16) for
later use in magic state factory. With three measure-
ment devices, if we wait for all qubits to be measured
before initiating the next code cycle, the cycle time is
approximately 8.15 ps. Alternatively, say the check cir-
cuit begins at t = 0, then at t = 3.15 us the first three
qubits that complete their measurements in cycle 1 can
enter the next code cycle. At t = 4.15 us, three more
qubits enter code cycle 2, lagging the first group of three
qubits in cycle 2 by 1 us. By t = 5.3 us, nine qubits have
entered cycle 2 and three of them are ready for measure-
ment 2. However, seven qubits have not yet completed
cycle 1, and the nine qubits that have entered cycle 2
must therefore wait. At t = 7.15 us, only a single qubit
remains to be measured in cycle 1, at which point two
qubits can begin their second-round measurements using
the two available measurement devices. By ¢ = 8.15 us,
all qubits completed cycle 1, and two qubits can enter
cycle 3. For these two qubits, the average code cycle
time up to this point is 4.075 ps. Continuing this pro-
cess, the average code cycle time converges to ~ 5.3 us,
which is just 16/3 x 1ps. This result is reasonable, as
we assume that other operations, such as CNOT gates,
can be executed while awaiting measurement outcomes;
consequently, the code cycle time in this case is limited
primarily by the measurement duration. To account for
potential congestion, we round this value up and take
T7,.(16) ~ 6 ps in the following discussion.

For n = 16 case, using Egs. (1) and (2), logical S
requires 6.6 ps and logical H requires 6.8 ps. And one
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FIG. 9. Two layers of folded surface code implemented by looped pipeline.

can just use Ts ~ Ty ~ Ty, for estimation. Following
Eq. (3), transversal CNOT gate within the same stack
requires ~ 1 ps for silicon spin qubits. The CNOT gates
between stacks, however, still require lattice surgery.

V. MAGIC STATE FACTORY

With all the ingredients ready, we now turn to the
magic state factories. We implement the 8T-to-CCZ fac-
tory in [21], which is optimised for transversal CNOT
and S. The circuit diagram is shown in Fig. 10, with
time slices 1 to 7. One round of stabiliser checks is per-
formed at each time slice. To enable transversal gates,
we need to put the qubits in the same virtual stack. The
circuit in Fig. 10 operates on 8 qubits, implying that each
loop need to host up to 16 qubits.

The input T states are generated via magic state cul-
tivation [20]. We assume an output logical error rate of
107 for T cultivation, which in turn gives a CCZ error
rate of 28 x (1077)2 = 2.8 x 107'3. Assuming a code
distance d = 25, which is sufficient for large scale appli-
cations such as factoring 2048-bit RSA integers [38], cul-

tivating the 8 input T states on 8 logical qubits requires
22 code cycles. Using the results of Sec. IV, we conclude
that the overall runtime using our architecture for silicon
spin qubits is 216 us for n = 16. Further details of this
runtime calculation are provided in Sec. A 4.

As a comparison, if we instead use the standard rotated
surface code as proposed in [1], the transversal S gate is
not available. In this case, we implement the S gate via
the Y-basis measurement shown in Fig. 2. With this
modification, the corresponding C'C'Z factory implemen-
tation is shown in Fig. 11. We note that an alternative
approach to implementing the S gate is the half-distance
S gate proposed in ref. [28], which requires d code cycles
and has a higher error rate, but can be applied in parallel
with magic state cultivation and other gates on ¢y to g7.
One can immediately see that the logical qubit overhead
of the factory increases from 8 to 12. However, since each
code patch is now single-layered (unfolded), all patches
can still fit within the same stack, accommodating 12
qubits per loop. In fact, the increased qubit count re-
duces the cultivation runtime, from 22 code cycles to 15
code cycles. For n = 12, the resulting code cycle time,
calculated as described in Sec. IV and rounded up to
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FIG. 10. Circuit diagram of the 8 T-to-CCZ factory optimized for transversal CNOTs from ref. [21]. The T states are produced
by magic state cultivation. One round of stabiliser checks is performed at every time slice.
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FIG. 11. Circuit diagram of the 8 T-to-CCZ factory when a transversal S gate is not available. The T states are produced by
magic state cultivation. One round of stabiliser checks is performed at every red time slice.

allow for slack, is 5us. All CNOT gates remain transver-
sal, and one round of stabiliser checks is performed at
each time slice. The Y basis measurements that require
(0.5d +2)T7,.(12) are now the bottleneck of this circuit.
The runtime of the factory increased to ~ 279us for
d = 25. The overall spacetime volume, relative to that
of Fig. 10, increases by a factor of approximately 2.6.
For completeness, we note that the conventional 8T-to-
CCZ factory based on full lattice surgery requires 5d to
6d code cycles on 12 logical qubits [38], and is therefore
substantially more costly.

The space and time overheads associated with logical
Clifford operations and 8T-to-CCZ distillation for the ro-
tated surface code without looped pipelines, the rotated
surface code with looped pipelines, and the folded sur-
face code with looped pipelines are summarized in Ta-
ble I. Runtime estimates assume silicon spin qubits where
suitable, with a code-cycle time of 3 us for the standard
rotated surface code. This value is chosen based on the
analysis in Sec. IV B, which yields Teyc(n = 2) = 3.15 us.
Space overhead here refers to the number of shuttling

loops required, which corresponds to the actual physi-
cal real estate. A square surface code patch occupies
unit area, while a triangular folded surface code patch
has area 0.5. Note that we do not count the number
of qubits per loop (i.e., the number of logical qubits per
stack) toward the space cost. This is because introduc-
ing additional qubits into each loop via pipelining does
not increase the number of physical devices required (for
chip-based shuttling tracks) or the overall spatial foot-
print. Instead, the cost of adding qubits to existing loops
manifests as an increase in the code-cycle time and is
therefore accounted for in the time cost rather than the
space cost.

VI. VIRTUAL STACK ARCHITECTURE

The layout choice for our new triangular code patches
can, of course, be the same as in Fig. 4, except that
now two stacks shaped as triangular prisms are joined to-
gether to form a rectangular stack. The “hallways” offer
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H S (intra-stack) CNOT 8T-to-CCZ
standard 3dTeye 1.5d Teye 2dTeyc ~ 5dTeyc
Runtime pipelined rotated 3d Teye 1.5d Teye ~ 1lus (d+27)T%,(12) + 19us
pipelined folded ~ Teye ~ Teye ~ lus 337,,.(16) + 18us
standard 2 2 3 12
Space pipelined rotated 2 1 1 1
pipelined folded 0.5 0.5 0.5 0.5
Spacetime saving standard ~ 12d ~ 6d ~ 36d ~ 1.667d
of folded over... |pipelined rotated ~ 12d ~ 3d ~ 2 ~ 0.046d + 1.426

TABLE I. Space and time overheads of logical gates and CCZ distillation for the standard rotated surface code (without looped
pipelines), the rotated surface code with looped pipelines, and the folded surface code with looped pipelines. Runtime estimates
assume silicon spin qubits where suitable, with a code cycle time of 3 us for the standard rotated surface code. Space overheads
measure the required physical area, where a square surface code patch has unit area and a triangular folded surface code patch
has area 0.5. The parameters of the CCZ factory are described in Sec. V. The final two rows report the improvement factors
in spacetime volume achieved by the folded surface code relative to the other two approaches.

Long-range Gate

Layer

The whole
Computing Region
as a Virtual Stack

e~

Mid-range Gate
Layer

Short-range Gate
Layer

Memory Layer

FIG. 12. Schematic diagram illustrating how the computing region in a looped-pipeline architecture can be organized into
layers with different connectivities. Four types of layers are shown, corresponding to memory, short-range gate, mid-range gate,
and long-range gate operations. Blue and white code patches denote data and ancilla qubits, respectively.

ample routing space, enabling efficient lattice surgery be-
tween the virtual stacks. This layout is simple and com-
patible with most algorithms, but a clear improvement
would be to vary the routing space allocated to qubits
performing different tasks. For example, a denser floor
plan can be used for memory qubits, which are accessed
less frequently. This idea of partitioning work regions ac-
cording to connectivity requirements has also been dis-
cussed, for example, in ref. [38].

Within a looped pipeline architecture, this layout is
realized by embedding routing space within each stack.
This eliminates the need for separate stacks dedicated to

data storage and routing ancilla, since each stack now
contains both data qubits and internal routing capacity.
Intuitively, this will give us a picture of layers as shown
in Fig. 12. Different layers can be designed for different
purposes. The memory layers store qubits with minimal
routing space. The short-range gate layer may, for ex-
ample, adopt a checkerboard layout to support localized
interactions, which can be used as hot storage. The mid-
range gate layer can employ the hallway layout to support
parallelism, while the long-range gate layer is kept almost
empty so that qubits can be swapped into it to facilitate
long-range interactions. Note that although Fig. 12 de-
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FIG. 13. Modification rules for Fig. 12 when folded surface
code patches are used: two triangular patches are combined
to form a double-layer blue square, and each white square
patch is also converted into a double-layer structure.

picts code patches as squares, the same principles apply
to more general codes, such as colour codes. In the case
of the folded surface code, two triangular patches are
paired to form a “double-layered” blue square in Fig. 12,
while the white patches remain regular rotated surface
code patches, albeit also double-layered. Consequently,
each labelled layer in Fig. 12 is effectively double-layered
for the purpose of efficient lattice-surgery routing. The
modifications described above are summarized in Fig. 13.

It is evident that this layout is at least as efficient as
the original hallway layout, since the latter can be re-
garded as a special case in which all layers correspond
to the mid-range gate layer. Moreover, the new layout
can be substantially more efficient by enabling paralleli-
sation that are not possible in the hallway layout. To
demonstrate this point, we consider the example shown
in Fig. 14, where rotated surface code patches are used for
illustration, with the X and Z boundaries indicated by
solid and dashed lines, respectively. Similar examples can
be constructed for folded surface code patches. Imagine
we have eight logical qubit patches arranged in the hall-
way layout, resulting in four stacks of code patches, each
containing two layers. Now we want to measure Z1 X4
and Z»Z3 in both layers (shown in Sec. VI).However, ir-
respective of whether the solid or dashed red path is used
to measure Z; Xy, a simultaneous measurement of Z5Z3
is not possible. If we instead choose the checkerboard
layout together with an empty long-range gate layer (the
two cases have the same average qubit density per layer),
then, using 4 transversal SWAP, we can measure all the
71X, and Z5Z3 simultaneously, as shown in Sec. VI. And
we have seen in Sec. IV that transversal SWAP is almost
free compared to the O(d) runtime of lattice surgery. In
fact, if we choose to SWAP code patches 1’,2’,3" and 4/
to the empty layer, we have two layers in hallway layout.
This shows that the layout scheme in Sec. VI contains all
the connectivity available in Sec. VI and adds in more
flexibility, with the aid of cheap transversal SWAP.

The memory layer can employ the yoked surface code
[33] to achieve more space-efficient storage. The 2D
yoked surface code is expected to be used as cold storage,
where qubits are accessed infrequently; consequently,
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only limited routing space is allocated for the code
patches. And it was envisaged in ref. [33] that the surface
code used for hot storage should be at most 1D yoked,
but not 2D. However, taking advantage of the quasi-3D
nature of the looped pipeline architecture, it may be pos-
sible to employ 2D yoked surface codes for hotter stor-
age, thereby improving storage efficiency. With the help
of cheap transversal SWAP and a long-range gate layer,
the yoked code patches can be easily accessed for oper-
ations. The caveat is, however, the yoked code patches
have smaller code distance than regular unyoked patches,
which makes them more vulnerable to noise when ex-
posed. Immediately after a yoked code patch is swapped
into another layer, O(d) code cycles might be required
to first expand the code patch to regular size, whereas
shrinking it when swap the patch back is almost free.
Furthermore, the performance of operating on yoked sur-
face code in large scale architecture is not yet well un-
derstood, and the detailed scheme of incorporating folded
surface code with yoke checks remains to be established.
To fully exploit the advantage of the new layout in
practice, the compiler must be aware of the degree of
locality associated with the operations on each algorith-
mic qubit when performing qubit mapping. This will
also help determine the portions of the four types of lay-
ers during compilation. In the ideal case, the compiler
would determine the optimal occupancy of each layer
and arrange the layout accordingly, rather than select-
ing from predefined layouts with fixed occupancies of
{0%, 25%, 50%, 100%}, as outlined above. Moreover, if
yoked surface code is employed, then the scheduler should
be aware of the window between the yoke checks, during
which the yoked code patches can be operated on.

VII. CONCLUSION

In this work, we propose a scalable two-dimensional
architecture based on looped pipelines for implementing
folded surface codes. We present explicit protocols for
performing all logical Clifford gates transversally within
each virtual stack and show that this approach reduces
the distillation overhead of the CCZ state by more than
an order of magnitude compared with conventional meth-
ods, and by approximately a factor of 2.6 relative to
prior looped pipelined surface code architectures. Fur-
thermore, we introduce a new virtual stack layout scheme
that exploits the layered structure of the architecture.
This enables forms of gate parallelization that were previ-
ously inaccessible, providing a more efficient and flexible
framework for compiling large-scale quantum computa-
tions.

We consider benchmarking the performance of looped
pipeline architectures with folded surface codes to be a
valuable direction for future work, including the develop-
ment of a compiler optimized for this architecture. More-
over, as mentioned earlier, devising a detailed scheme for
performing yoke checks on folded surface codes and eval-
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(a) Eight logical qubit patches arranged into the hallway layout, resulting in 4 stacks of code patches, each contain 2 layers.
In this layout, measuring Z1X4 and Z2Z3 in both layers simultaneously is impossible: no matter which path we choose to
measure Z1 X4 (solid or dashed red line), Z5 is inaccessible to Zs in both layers.
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(b) Eight logical qubit patches arranged into the checkerboard layout, plus a long-range gate layer (so that the average qubit
density per layer is the same). With 4 transversal SWAP gates, all the Z; X4 and Z2Z3 can be measured simultaneously.

FIG. 14. An example illustrating that the new layout scheme shown in Fig. 12 is unconditionally better than the hallway layout
shown in Fig. 4. Solid and dashed boundaries denote X and Z boundaries, respectively. Although rotated surface code patches
are used for illustration, the same argument applies to folded surface code patches.

uating their performance constitutes another promising
avenue of investigation. Furthermore, although inter-
stack operations still require lattice surgery, this work
enables transversal logical Clifford gates within the same
stack; it may therefore be possible to develop variants
of the algorithmic fault tolerance concept introduced in
ref. [39], potentially allowing further reductions in run-
time. Finally, in our current design, the magic state fac-
tories employ the standard magic state cultivation proto-

col, which is tailored to square-grid connectivity. Several
improved protocols have been proposed [40-42], some of
which assume long-range connectivity. Adopting these
improved cultivation protocols, developing variants opti-
mized for the looped pipeline architecture, or exploring
alternative schemes for implementing magic gates using
looped pipelines [43] are all compelling directions for fu-
ture research.
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Appendix A: Protocol Runtimes
1. Qubit rearrangement

Rearranging qubits within a single loop into an arbi-
trary ordering constitutes a more challenging intra-loop
interaction task. We illustrate our rearrangement scheme
with an example for n = 8. Suppose the initial qubit
configuration is as shown in the leftmost loop of Fig. 15,
corresponding to a worst-case scenario. Without loss of
generality, the qubits are labelled 1-8 in the anticlockwise
direction. For illustration, we aim to rearrange the qubits
into the sequence 37481526. Because the qubit order-
ing is cyclic, we may always shuttle first the qubit closest
to the port entrance; in this example, the target permu-
tation 37481526 is therefore equivalent to 15263 748.
In the worst case, shuttling this qubit into the port re-
quires %Tloop. The remaining qubits are then shuttled
into the port in the desired order. Shuttling qubit 5 re-
quires a time of Tjo0p/2, and then shuttling qubit 2 re-
quires (3 —2)Tjo0p = 3T100p- The qubit pairs (5,2), (6,3)
and (7,4) each require a shuttling time of (1—1/n) Tjoep,
giving a total of (% —1)(1 — 1) Tjp0p = 2 Tj00p. Finally,
the last qubit (qubit 8) need only be shuttled to within
a distance of Ljoep/n from the port entrance, as illus-
trated in the middle-right loop of Fig. 15. This final step
takes (% - %)Tloop = %Tloop. The qubits in the port
are subsequently shuttled back out to complete the rear-
rangement, which requires (1 — %)Tloop. Altogether, this
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process takes
Loy (N1
2n 2 n 2 n n

n 3
- (2 - 2n> Tloop
(A1)

which evaluates to %Tloop for the n = 8 example, corre-
sponding to 1.525us for spin qubits. And for the scheme
we developed, Eq. (A1) represents the worst-case shut-
tling time required for rearrangement. We note that
when n is odd, a similar derivation shows that the worst-
case time scales slightly better, as (§ — %)Tloop.

A SWAP-based rearrangement strategy, where qubits
are swapped pairwise to achieve the desired ordering, is
slower in the worst case but can be faster when the target
configuration closely resembles the current one. Conse-
quently, both schemes are useful in practice for achieving
optimal performance.

2. Stabiliser checks for folded surface code

In this appendix, we describe the stabilizer checks pro-
tocol in detail with reference to Fig. 16, where the four
corners of the loops are marked A, B, C and D, and sev-
eral loops are labelled with Roman numerals for later
reference. Note that the order of the CNOT gates is de-
scribed in Sec. IV.

For simplicity and without loss of generality, we as-
sume that at the beginning of the stabilizer cycle the
yellow qubits have already been shuttled into the posi-
tions required for the first layer of CNOT gates in the
check circuit. This configuration corresponds to shut-
tling qubits in off-diagonal loops by a distance of Ljep/4
(or Ligop/2 for qubits in diagonal loops) against the di-
rection indicated by the arrows in the loops. Therefore,
for example, the yellow qubit in loop I is located at corner
A and the blue qubit is at corner C. The yellow qubits
can then execute the first layer of CNOT gates, which
takes a time T5,. Subsequent shuttling is required to
proceed: for instance, in loop I, the next operation is the
first layer of CNOT at corner A for the blue qubit, re-
quiring a shuttling time of T}, /2 followed by a gate time
T54. The second layer of CNOT gates for the yellow and
blue qubits in loop I can be applied simultaneously at
corners D and B, respectively. This step requires a time
of Tioop/4+Toq. Altogether, in loop I, the first two layers
of CNOT takes a total time of %Tloop + 3T5,. However,
the first two layers of CNOT gates in loop II constitute
the time-limiting step. The blue qubit starts at corner
C, with the first and second CNOT gates applied at cor-
ners A and D, respectively, resulting in a total time of
%rfloop + 2T2q-

Once the first two layers of CNOT gates for all loops
are completed (i.e., immediately after the second CNOT
in loop II), the qubits occupy exactly the positions
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FIG. 15. Example of qubit rearrangement in an eight-qubit loop. The qubits are reordered from the sequence 12345678
(anticlockwise) to 37481526. The initial configuration corresponds to a worst-case scenario. Circles indicate qubits and are
not drawn to scale. The total duration of the process is %Tloop.
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FIG. 16. A single folded surface code patch with corners and loops labelled for explanatory purposes. All loops (both white

and grey) should be understood as having the replacement rule
three measurement devices.

shown in Fig. 16. The remaining two layers of CNOT
gates required for the stabilizer checks take an additional
%Tloop + 2T5,. During this stage, loop III is the time-
limiting loop, with the yellow qubit located at corner
C after the final CNOT. Finally, the qubits are shut-
tled into the port between corners B and C for mea-
surements. This step requires a time of %Tloop for loop
III, which is time-limiting loop. Assuming 3 measure-
ment devices per loop and a measurement time Ti,cqs,
the measurement step is completed in a time T},eqs. Ac-
counting for the Hadamard gate time 77, at both the
beginning and the end of the stabilizer checks, we obtain
Teye(n = 2) = ZTjo0p + 2714 + 4T2g + Tieas. For spin
qubits, this evaluates to 3.15us.

shown on the left applied, such that each loop is equipped with

3. H, S and CNOT gate

The protocols for the H and S gate are based on the
stabiliser checks protocol. We again describe these pro-
tocols with reference to Fig. 16.

Immediately after the first two layers of CNOT gates,
the qubits occupy exactly the positions shown in Fig. 16.
At this stage, we apply S or ST gates to the diagonal
qubits and C'Z gates to the off-diagonal pairs. These
two operations can be carried out in parallel, with the
CZ implementation using the intra-loop interaction pro-
tocol in Sec. IIT constituting the time-limiting step. We
illustrate this process using loop I as an example. Shut-
tling the yellow qubit into the port requires a time of
Tloop/8, followed by an additional Tjsep/2 to shuttle the



(% - %)Lloop

FIG. 17. The worst-case scenario for the transversal
CNOT protocol corresponds to applying CNOT; ;r and
CNOT][]’]V. The qubit pairs (LII) and (III,IV) are each

separated by a distance of (% — %)Lloop.

blue qubit into the port for interaction. The C'Z gate
itself takes a time 754, and shuttling the qubits out re-
quires an additional T}, /2. At this point, the intra-loop
interaction protocol is complete, with the yellow qubit
positioned at the port entrance. However, the next layer
of CNOT gates for the yellow qubit is located at corner
B. We therefore shuttle the qubits for a further Tj,,,/8
in the direction opposite to the arrows. The stabilizer
check protocol then proceeds as usual. Overall, these
procedures add a runtime of ngoop + T4, to the code cy-
cle time T¢y., yielding Eq. (1). The protocol for the H
gate, and the corresponding expression in Eq. (2), can be
derived in an analogous manner.

The protocol for a transversal CNOT gate consists of
applying the intra-loop interaction protocol twice. For a
loop containing n qubits (equivalently, n/2 code patches
in a stack), the worst-case scenario corresponds to ap-
plying CNOTy ;; and CNOTr v to the configuration
shown in Fig. 17. The qubit pairs (IIT) and (IIL,IV) are
each separated by a distance of (% — %)Lloop. In this
case, shuttling qubit I into the port requires a time of
(3 — 55)Tio0p, while shuttling qubit IT into the port re-
quires (% — %)j—‘laop' The subsequent gate operation and
shuttling out together take (5 — =)Tjo0p +Toq. Therefore,
the total time required for CNOT; ;s is (g — %)Tloop +
T5,. At this point, qubit II is located at the port en-
trance, and qubit 117 is only a distance Ljoop/n away. A
similar analysis for CNOT ;7 ;v shows that it requires a
time of (1— %)Tloop +T54. The overall worst-case runtime

is therefore given by Eq. (3).

4. 8T-to-CCZ factories

The runtime of the 8T-to-CCZ distillation circuit
shown in Fig. 10, implemented in a looped-pipeline archi-
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tecture with folded surface code, is given by the following
expression.

Tew + 13Tenor(16) + TTeye + 2T meas + 415 (A2)

The runtime of cultivation is calculated as follows. We
want to cultivate 8 T' states, each with output logical er-
ror rate 1077, on 8 logical qubits with distance 25. From
figure 1 of ref. [20], we know the expected spacetime vol-
ume for cultivating a T state with output logical error
rate 1077 is ~ 3 x 10* qubit rounds. Therefore, the av-
erage cultivation time for 8 such T states is

3 x 10*

8 X2 x 21 1)

~ 22 code cycles

Note that, because the transversal CNOT scheme re-
quires access to the port, CNOT operations that ap-
pear parallel in the abstract circuit, for example the four
CNOTs between time slices 3 and 4, cannot be executed
in parallel when there is only a single port in the loop.
For the same reason, the four transversal S gates also
cannot be executed in parallel. Strictly speaking, the
4Ts term in the runtime expression is an upper bound,
as the four CNOT layers in the protocol can be stream-
lined to reduce some of the shuttling time. We also use
the worst-case CNOT runtime given by Eq. (3) for all the
CNOT gates. This approximation has negligible impact,
since Teyor is much smaller than the other runtimes.

For the four measurements on g4 to g7, since there
are only 3 measurement devices per loop, so it requires
2T neas to complete the measurements. We neglect the
time for decoding and other classical processing after the
measurements.

The runtime of the 8T-to-CCZ distillation circuit
shown in Fig. 11, implemented in a looped pipeline ar-
chitecture with rotated surface code, is given by the fol-
lowing expression.

T +8Tcyc+ 2T meas + 17T noT(12) + 2 X (0.5d + 2) Ty

(A3)

The cultivation time reduced by a factor of 1.5 since we

now cultivate on 12 logical qubits instead of 8. The four

Y basis measurements cannot be executed in parallel for
there are only 3 measurement devices per loop.

Appendix B: Looped pipeline architecture with
inter-loop shuttling

In this appendix, we propose another potential im-
provement to the standard looped pipeline architecture.
In what we discussed above, qubits within a loop always
stay in the same loop. But now we connect the loops
and allow inter-loop shuttling, which imposes higher de-
mands on the hardware. While folded surface code en-
ables cheap Clifford operations within a stack, we will see
that inter-loop shuttling can improve inter-stack opera-
tions. We denote the time taken to shuttle a qubit from



a data loop to the nearest data loop (connected by an
ancilla loop, see e.g., Fig. 6) as T;,:, and one can expect
Tint ~ Tioop/2. To isolate and analyse the effect of inter-
loop shuttling, we assume the use of the standard surface
code in the following subsections, unless otherwise spec-
ified.

1. Hadamard gate

In the standard looped pipeline architecture, patch ro-
tation is implemented directly using lattice surgery. How-
ever, if inter-loop shuttling is permitted, patch rotation
can instead be achieved through physical rotation of the
patch by shuttling the physical qubits so that the patch is
rotated by 90°. This operation may be subject to scratch
errors induced by static defects [44]. In most cases, such
errors are benign or can be corrected, but in certain sit-
uations they may lead to logical errors. If the location of
the defect is known in these cases, performing the patch
rotation in the opposite direction can avoid the error.

The time taken for this process is dictated by the path
travelled by the physical qubits at the patch boundaries,
they need to be shuttled through d—1 data loops. There-
fore the time taken for this operation is (d — 1)Tjps.

An alternative approach combines inter-loop shuttling
with lattice surgery. In lattice-surgery-based patch rota-
tion, the final d code cycles are used to move the rotated
patch from the ancilla back to its original position; this
step can instead be implemented via shuttling. The effect
of scratch errors in the Z basis can be mitigated by align-
ing the shuttling direction with the logical X operator.
This patch-rotation method, and hence the implementa-
tion of a Hadamard gate, requires one ancilla patch and
2d code cycles.

2. SWAP, CNOT and CZ gate

The SWAP gate between different stacks also benefits
from inter-loop shuttling. In the standard looped pipeline
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architecture, inter-stack SWAP gate is implemented by
patch movement via lattice surgery. With inter-loop
shuttling, inter-stack SWAP can be implemented by di-
rectly swapping the corresponding physical qubits. By
putting the two patches to be swapped in different layers
of the stack, the shuttling of the patches can be par-
allelised. Similarly, this operation can be made to be
resilient to the scratch noise in Z basis. This SWAP
requires no ancilla and time dT;,;.

The inter-stack CNOT can be made cheaper now if im-
plemented by inter-stack SWAP and transversal CNOT
within the same stack. Therefore, the inter-stack CNOT
can now be done in ~ 2dT;,; and require no ancilla.
With the more efficient Hadamard gate introduced in the
previous section, CZ,; = H; CNOT;; H; within/between
stacks is also less costly now.

3. S gate

The final missing Clifford generator is S gate. The
choice for performing S gate in the standard looped
pipeline architecture is via Y basis measurement, which
takes 1.5dT,y.. However, since the Hadamard can now
be executed in ~ (d — 1)1}y, with T;,; being an order of
magnitude smaller than T, we can implement the S via
|#) teleportation using the circuit shown in Fig. 18 [45].
Assuming a |i) state is available in every stack, the cost
for S gate is dominated by the cost of H as the CNOT
gates are transversal. Moreover, if inter-loop shuttling is
available, not only the Hadamard gates become cheaper
but several stacks can share one [|i) state, as SWAP is
also cheap now.

|¥) Sly)

i) - H - Z )

FIG. 18. A teleportation-based scheme for implementing the
S gate. The unwanted Z flip on the |i) state can be tracked
in Pauli frame.
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